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Theory of sound amplification by stimulated emission of radiation
with consideration for coagulation

I. V. Volkov, S. T. Zavtrak, and I. S. Kuten
The Institute of Nuclear Problems, Bobruiskaya Street 11, 220 050 Minsk, Republic of Belarus

~Received 15 January 1997!

The theoretical scheme of sound amplification by stimulated emission of radiation~SASER! is considered.
Liquid with gas bubbles serves as the active medium. The pumping is produced by an alternating electric field.
Phase bunching is realized by acoustic radiation forces. The influence of a coagulation of the bubbles on the
SASER operation is considered. Generation conditions are found analytically. The nonlinear stage of SASER
operation and the saturation mode are investigated by numerical methods. The emission of a SASER in steady
state and the direction pattern for a SASER are considered.@S1063-651X~97!03607-6#

PACS number~s!: 43.25.1y
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I. INTRODUCTION

At the present time there are many types of laser
devices generating coherent electromagnetic waves at
sacrifice of the stimulated emission~or scattering! of light by
an active medium. The existing lasers cover a wide wa
length range—from ultraviolet to submillimeter. However,
our knowledge acoustic analogs of such devices have
been created up to now despite the progress in laser tech
ogy.

Meanwhile, a problem of creation of an ‘‘acoustic lase
~which will be referred below as a SASER—sound ampl
cation by stimulated emission of radiation! is of great interest
because of a variety of potential applications of such devic
As generators of shock waves, they can be used for im
action on underwater and air objects, in medical applicati
~such as the destruction of stones in the kidneys!, etc.

Recently a theoretical scheme of a SASER with elec
pumping was proposed in a number of papers by the pre
authors@1–5#. A liquid dielectric with uniformly distributed
dispersed particles was suggested as an active medium.
ferent types of oils as well as routine distilled water can
used as a liquid dielectric. Gas bubbles resulting from e
trolysis can serve as dispersed particles. Pumping is exc
in an active medium, leading to periodic pulsations of d
persed particle volumes. The initial distribution of the pa
ticles is spatially homogeneous. As a result, the waves e
ted by particles are added to the different phas
Consequently, the resulting pressure of the useful wav
equal to zero.

However, for the active medium in the resonator,
acoustic mode can be excited. Then the particles can
bunched due to acoustic radiation forces. This leads to s
synchronization of the oscillating particles, and to the am
fication of the useful mode. The suggested scheme of
SASER is analogous to the free-electron laser~FEL! @6#. In
FEL theory the electromagnetic emission is created by e
tron beams moving through magnetic periodic syste
These systems are called undulators or wigglers. Undula
play the role of pumping. Initially the emission of electro
is not coherent, but the electrons become grouped du
their interaction with the applied electromagnetic wave. A
561063-651X/97/56~1!/1097~5!/$10.00
he

-

ot
ol-

s.
ct
s

c
nt

if-
e
c-
ed
-
-
it-
s.
is

be
lf-
i-
e

c-
s.
rs

to
a

result, the emission becomes coherent. This leads to the
plification of the electromagnetic field.

It should be noted that alternative theoretical schemes
SASER’s were suggested in a number of earlier papers.
instance, mode self-synchronization and acoustic field am
fication by a gas-liquid mixture were theoretically consider
by Kobelev, Ostrovsky, and Soustovaet al. @7# using a
model of incoherent mechanical monopole oscillators for
gas fraction. Sound oscillations in the Helmholtz resona
filled with a supercooled vapor were investigated by Kotus
and Nemtsov@8#. The energy liberation in that system resu
from the fact that condensation proceeds more actively t
evaporation. A part of this energy is spent on the amplifi
tion of sound. However, the schemes for SASER’s sugge
in these papers have not been realized in practice du
weak self-synchronization.

In the case of ordinary piezoelectric emitters which a
usually used in the generation of ultrasound, only a work
surface emits and, consequently, such devices are
dimensional system, systems. The SASER differs from
above system particularly in that it is a three-dimensio
system, because the whole volume of an active medium
emitted.

The scheme of a SASER with pumping by an elect
field, as well as the generation conditions, were investiga
by Zavtrak@1,2#. It was shown that two types of losses mu
be overcome. The first type is caused by energy dissipa
in the active medium, and the second by radiation losses
the faces of the resonator. However, in the case of elec
pumping the amplitude of the electric field~and hence pump-
ing pressure! is limited by the value of the electric punctur
intensity of liquid dielectrics. This limitation can be pre
vented by the use of mechanical pulsations of the reson
walls. The generation conditions for SASER’s with pla
and cylindrical resonators and mechanical pumping w
evaluated@3–5#. Analysis of the impact of the continuou
distribution of bubbles by radii on the SASER operation@5#
showed that in this case bubbles with a resonance cy
frequency are of crucial importance in the amplification
the applied mode.

In the above-mentioned papers it was assumed that
deviation of the spatial concentration of bubbles and use
waves were less than the initial concentration and pump
1097 © 1997 The American Physical Society



a
d
w
lify
of

w
e

by

a

us

a
,

d,

of

,
co-
e

of

ed

the

d

hat
r

und

-

es
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respectively. In the present paper we argue against this
sumption, considering SASER operation for all time. In a
dition, to obtain more realistic estimations, in this paper
shall analyze the role of coagulation of bubbles. To simp
the calculations, we restrict our consideration to the case
SASER with electric pumping and equal bubbles.

II. BASIC FORMULA

The scheme of a SASER with electric pumping is sho
in Fig. 1. The active medium is placed between two plan
The radiation propagates along thez axis, andL is the length
of the resonator in this direction.

The dynamics of the gas-liquid mixture is described
the following set of equations@9#:

DP82
1

cl
2

]2P8

]t2
2~a1 ib!P85~a1 ib!PEexp~ ivt !,

~1!

jU5~ReA!¹uPu22 i ~ ImA!~P*¹P2P¹P* !, ~2!

]n

]t
1div~nU!5I 11I 21I 3 . ~3!

The first equation describes the sound pressure w
propagating in the active medium. Here,cl is the velocity of
sound in the pure liquid;PE andv are the amplitude and
frequency of the pumping, respectively; andP8 is the useful
pressure wave. The quantitiesa andb are described by fol-
lowing expressions:

a5a~r ,R0 ,t !524pE
0

`

~ReA!n~r ,R0 ,t !dR0 , ~4!

b5b~r ,R0 ,t !524pE
0

`

~ ImA!n~r ,R0 ,t !dR0 , ~5!

where

A5
R0

~v0
2/v2!211 id

~6!

is the scattering amplitude of sound on a bubble,v0 is the
proper frequency of the bubble with radiusR0, andd is the

FIG. 1. Scheme of the SASER with electric pumping.~1! Walls
of sound resonator.~2! Active medium~liquid dielectric with gas
bubbles.~3! Gas bubbles.~4! Electromagnetic system which creat
the periodic electric field.~5! Sound emission.
s-
-
e

a

n
s.

ve

absorption constant. The quantityn(r ,R0 ,t) is the distribu-
tion function of the particles by radii (n is equal to the num-
ber of bubbles with mean radii fromR0 to R01dR0 in a unit
of volume in the vicinity of pointr ). The initial concentra-
tion of the bubbles in liquid is spatially homogeneo
(n5n0, a5a0, andb5b0).

Equation ~2! describes the translational motion of
bubble. HereU is the translational velocity of a bubble
P5PEexp(ivt)1P8 is the resulting pressure~static pressure
is skipped! acting on the bubbles, andj54r lm lv

2R0, where
m l and r l are the viscosity and density of a pure liqui
respectively.

Finally, Eq. ~3! is the balance equation of the number
particles in a unit of the phase volumed3rdR0. The right-
hand side of Eq.~3! represents the integral of collisions
which involves the spectrum changes of bubbles under
agulation;I 1, described by the arrival of the bubbles from th
source~it might be an electrolysis, for instance!; the quantity

I 252n~R0!E
0

`

n~R08!s~R0 ,R08!uU~R0!2U~R08!udR08 ,

~7!

gained by the departure of the bubbles from the environs
R0; and the quantity

I 35
1

2E0
R0
n~R09!n~R08!s~R09 ,R08!uU~R09!2U~R08!u

R0
2

~R09!2
dR08

~8!

described by increasing the number of the bubbles form
from the bubbles of smaller size. The radiiR08 andR09 are
determined from the law of conservation mass of a gas in
bubble. In Eqs.~7! and ~8!, s is the cross section of colli-
sions of two bubbles with mean radiiR1 andR2 determined
by the following expression:

suU~R1!2U~R2!u5H 4pk, k>0

0, k,0,
~9!

where

k5

~R11R2!F S v1
2

v2 21D S v2
2

v2 21D 1d1d2G
3m lr lv

2F S v1
2

w221D 21d1
2GF S v2

2

w221D 21d2
2G uPu2,

~10!

and v i and d i ( i51 and 2! are the proper frequency an
absorption constants of the bubbles, respectively.

In view of complexity to analyze set~1!–~3!, we accept
some simplifying assumptions; that is, we will suppose t
all bubbles have an equal radiusR0 greater than the prope
radius corresponding to the pumping frequencyv. Then one
can neglect the influence of the merged bubbles on a so
field. At that I 350 and expressions~4!, ~5!, and ~7! are
easily calculated. Finally, we will consider only one
dimensional solutions of Eqs.~1!–~3!.

Let us represent pressureP8 as P8(t,z)5 P̄(t)exp(ivt).
Applying Bogolubov-Mitropol’sky’s averaging method@10#
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to Eq. ~1! over the high-frequency component exp(ivt), and
substituting Eq.~2! into ~3!, one can obtain

S ]2

]z2
1

v2

cl
2 2

2iv

cl
2

]

]t D P̄524pAn~ P̄1PE!, ~11a!

]n

]t
1
1

j

]

]z
S nFA* ~PE1 P̄* !

] P̄

]z
1A~PE1 P̄!

] P̄*

]z
G D

5I 12
8pR0n

2uPE1Pū2

3m lr lv
2F S v0

2

v2 21D 21d2G . ~11b!

III. ANALYSIS OF EQUATIONS IN THE INITIAL STAGE
OF GENERATION

In the initial stage of generation~at smallt), we will seek
the useful mode in the form of a standing wave,

P̄~z,t !5P0~ t !coskLz, ~12!

with kL5pm/L,m51,2, . . . . Let n8(r ,t) be the deviation
from the initial distribution functionn0, i.e.,

n~r ,t !5n01n8~r ,t !, ~13!

and un8u!n0, and uP0u!uPEu @1,2#. Substituting Eqs.~12!
and ~13! into Eqs.~11a! and ~11b!, and linearizing of these
equations overn8 andP0, gives the following:

S v2

cl
2 2kL

214pAn02
2iv

cl
2

d

dtDP0coskLz

524pAPE~n01n8!, ~14!

]n8

]t
5
kL
2n0PE

j
~A*P01AP0* !coskLz1I 1

1g~n0PE12PEn81n0~P01P0* !coskLz! ~15!

where

g52
8pR0n0PE

3m lr lv
2F S v0

2

v2 21D 21d2G .
The solution of Eq.~15! has the form

n8~z,t !5
I 11gn0PE

2PEg
@exp~2PEgt !21#1n2~ t !coskLz.

~16!

The first item in the right-hand side of this expression d
scribes the change of the total number of bubbles in a un
volume. This takes place due to the coagulation and sou
The latter represents the spatial redistribution of bubbles
der acoustic radiation forces. The quantityn2 can be found
from the equation as follows:

dn2
dt

5
kL
2n0PE

j
~A*P01AP0* !1gn0~P01P0* !. ~17!
-
of
e.
n-

After multiplying Eqs.~14! and ~15! by coskLz and aver-
aging them overz, we reduce this set to the wave equatio

S v2

cl
2 2kL

214pAn02
2iv

cl
2

d

dtDdP0dt

52
4pAn0kL

2PE
2

j
~A*P01AP0* !

12gPES v2

cl
2 2kL

214pAn02
2iv

cl
2

d

dtDP0

24pAPEgn0~P01P0* !. ~18!

In deriving this equation, it was taken into account th
the liquid gas content is small, i.e.ua01 ib0u!v2/cl

2 .
Let us represent the solution of Eq.~18! as

P0~ t !5A1exp~ iv8t !1A2exp~2 iv8* t !,

wherev8 is a complex quantity. Then, with the proviso th
uA2u!uA1u @2#, one finds that

Rev8'2
cl
2

2vS v2

cl
2 2kL

214pn0ReAD[2
dLv

2
,

Imv8'2
cl
2

2vH 2

dLv
F4puAu2PE

2kL
2n0

j

22gPES v2

cl
2 2kL

212pn0ReAD G14pn0ImA

1
4gvPE

cl
2 J . ~19!

The real part ofv8 defines the frequency shift betwee
the pumping frequencyv and the proper frequency of th
resonatorvL5clAkL21a0; the image part defines the incre
ment of the useful wave amplification. One can seen fr
Eq. ~19! that generation takes place whendL.0, and

PE>Pst'
1

S kL
2

dLv
1
32v

cl
2 D 1/2A2m lr ldv2'

1

kL
A2m lr lddLv

3.

~20!

The quantityPst defines the starting~threshold! pumping
pressure for the beginning of generation@1,2#. The right-
hand side of Eq.~20! involves only the member associate
with the sound energy dissipation in the active medium,
not the member attributed to the radiation losses on the fa
of the resonator. This is due to the fact that, for simplici
the useful wave was chosen in the form of a standing w
corresponding to the absolutely valid reflecting walls of t
resonator. Thus the generation conditions are equal to th
obtained in the previous papers@1–5#, and are accurate to th
numerical coefficient. It should be noted that the thresh
conditions for the generation of fractional harmonics in t
resonant fluid-filled cavity were observed experimentally
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Adler and Breazeale@11#; in this case the problem associat
with the nonlinear effects under resonator wall vibratio
was considered.

IV. SASER OPERATION IN NONLINEAR MODE

Now, let us analyze Eqs.~11a! and~11b! for all time. We
will seek the useful mode in the same form as above and
concentration as

n~z,t !5C~ t !1D~ t !coskLz. ~21!

Let us substitute Eqs.~12! and ~21! into Eqs.~11a! and
~11b!, and then average Eqs.~11a! and ~11b! with weight
function 1, and Eq.~11b! with weight function coskLz over
z. As a result one can obtain the set which describes a n
linear wave propagating in the resonator, and the chang
the spatial and total concentration of the bubbles:

Fv2

cl
2 2kL

22
2iv

cl
2

d

dtGP0524pP0AC24pPEAD, ~22!

dC

dt
5I 11

g

n0PE
F SC21

D2

2 DPE
21SC2

2
1
3

8
D2DP0P0*

1CDPE~P01P0* !G ,
dD

dt
5
kL
2

j
@A*P0~CPE1 1

4DP0* !1AP0* ~CPE1 1
4DP0!#

1
2g

n0PE
FCDPE21

3

4
CDP0P0*1SC2

2
1
3

8
D2D

3PE~P01P0* !G .
The results of the numerical solution of this set are given
Figs. 2 and 3 for the following parameters:cl51500 m/s,
m l51023 N/m, n05108 m23, v523106 Hz, dL50.004,
r l51000 kg/m3, R051025 m, v0523105 Hz, Pst519
kPa,PE566.5 kPa, andI 151022 m23s21. It can be seen
that the total number of emitters tends to balance betw
the formation and the coagulation of bubbles. The use
mode comes to saturation. It approximately equals 126 tim
the starting pressure.

V. EMISSION OF A SASER AT STEADY STATE

As indicated above, the state of an active medium wit
spatially homogeneous concentration of bubbles beco
unstable as a sound wave passes through it. The conce
tion becomes periodical in space due to the action of acou
radiation forces. Consider the bunching of bubbles only
the sense of radiation, i.e., along thez axis. The bubbles will
come together at the planes where their translational velo
U equals zero. As Eq.~2! indicates,U;sinkz, i.e.,U50 at
planes which are perpendicular to thez axis, and spaced a
intervalsp/k. As is easy to see, planes with stable and
stable equilibra of the bubble will be alternated. Thus,
bubbles will be bunched at planes spaced at intervals
2p/k. As this takes place, the bubbles with radii above a
s

e

n-
of

n

n
l
es

a
es
tra-
tic
n

ty

-
e
of
d

below the resonance radius will be grouped in different pa
of the standing wave in the resonator. The sound fields s
tered from these planes are added in phase and, hence
plified.

Let us consider a SASER with a cylindrical resonator. A
bubbles are assumed to be equal. In the steady regime
consider that there are many emitters of piston type in

FIG. 2. The variation of the normalized useful mode with no
malized time.

FIG. 3. The variation of the normalized bubble concentrat
with normalized time.
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56 1101THEORY OF SOUND AMPLIFICATION BY STIMULATED . . .
active medium which are placed 2p/k apart.
The emission of radiation by a piston emitter is describ

in the Fraunhofer approximation by the well-known equat
@12#:

f~r ,u!52
R2

r

J1~kRsinu!

kRsinu
exp~2 ikr !u0 . ~23!

Heref is the velocity potential~we use cylindrical coordi-
nates!, R is the radius of the emitter, andu0 is the amplitude
of the oscillations.

In the case of a SASER the resulting potential is the s
of the potentials from each plane of bubbles. We are in
ested in the emission away from the resonator. Hence o
phase factors exp(ikr) vary, i.e.,

f res~r ,u!52
R2

r

J1~kRsinu!

kRsinu (
s51

N

exp~2 ikr s!u0 , ~24!

whereN is the number of planes, and the quantity

r s'r S 11
2p~s21!

kr
cosu D ~25!

is the distance between thesth plane and the observed poi
(r 15r ).

Let us consider the direction pattern for the SASER. T
intensity of the emitted wave is proportional to the square
potential~24!. If the number of planesN is sufficiently large
~i.e., N'32 for v523105 kHz andL51.5 m! then it can
easily be found that the intensity in the main directi
(u50) will increase and the side lobes will be suppresse
.

d

r-
ly

e
f

.

By these means the emission of a SASER is character
by high directionality as compared with common pist
emitters. However, there is some limitation to these conc
sions. At steady state the sound will undergo losses and
flections. This effects will deteriorate particle bunching.

VI. CONCLUSIONS

In the present paper we considered the operation o
SASER for all time. The coagulation of the bubbles plays
part in the evaluation of the starting pressure for a SASE
This comes as no surprise, because the initial pressure
not depend on the number of emitters at all. The larger
concentration, the larger not only the useful mode but
absorption of sound in the medium. Both these effects co
pete with each other.

The bubbles have a dominant role in the energy diss
tion in the SASER, i.e.,b0;n0. However,b0 contains not
only the bubble term, but others as well. For example, th
is a term resulting from the liquid viscosity. However, the
additional contributions are negligibly small in comparis
with the bubble contribution.

During the operation the SASER emission goes to satu
tion. This effect analogous to that in the free-electron la
theory. Estimations of the maximal value of the useful wa
present readily achievable values. Thus there is a good
son to think that the suggested scheme is realistic.
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